This paper investigates the dynamic of a flexible robotic manipulator (FRM) which consists of rigid driving base, flexible links, and flexible joints. With considering the motion fluctuations caused by the coupling effect, such as the motor parameters and mechanism inertias, as harmonic disturbances, the system investigated in this paper remains a parametrically excited system. An elastic restraint model of the FRM with elastic joints (FRMEJ) is proposed, which considers the elastic properties of the connecting joints between the flexible arm and the driving base, as well as the harmonic disturbances aroused by the electromechanical coupling effect. As a consequence, the FRMEJ accordingly remains a flexible multibody system which conveys the effects of rigid-flexible couple and electromechanical couple. The Lagrangian function and Hamilton's principle are used to establish the dynamic model of the FRMEJ. Based on the dynamic model proposed, the vibration power flow is introduced to show the vibration energy distribution. Numerical simulations are conducted to investigate the effect of the joint elasticities and the disturbance excitations, and the influences of the structure parameters and motion parameters on the vibration power flow are studied. The results obtained in this paper contribute to the structure design, motion optimization, and vibration control of FRMs.
Introduction
Flexible robotic manipulators (FRMs) which consist of driving base, flexible links, and flexible joints are typical electromechanical coupling systems and have been extensively used in scientific fields, such as robotic fields and aerospace fields, which can satisfy the demands of high productivity, high speed, and lower energy consumption thanks to their lightweight advantage [1] [2] [3] . The flexible joints in the FRM remain as two types; the first type of joints is that between the flexible links, and the other type is the connecting joints between the flexible links and the driving base, such as bolting joints and welding joints. Because of lower damp and stiffness, the flexible link will exhibit elastic deformations and residual vibrations during the task executions [4, 5] . The dynamic modeling of the FRM, which is essential to investigate and control these undesirable elastic deformations and residual vibrations, generally regards the driving base as a rigid body. In this case, the elastic deformations and residual vibrations in the flexible links will be coupled with the rigidbody motion of the driving base via the flexible joints [6] ; as a result, the FRM conveys rigid-flexible couple and remains a flexible multibody system. Some researchers have proposed the dynamic models of flexible multibody systems with multiple links and joints [5] [6] [7] [8] . In their investigations, the flexible links are modeled as flexible beams and the flexible joints are characterized as tension springs and torsional springs, and the results indicate that the flexible links and flexible joints have significant influences on the dynamic behaviors of the systems. However, the flexible joints investigated in these existing studies mainly focus on the joints between the flexible links and few surveys have studied the connecting joints between the flexible links and the driving base, as the connecting joints are generally regarded as absolutely rigid. Actually, the connecting joints have certain elasticities and the ideal rigid restraint assumed is difficult to achieve.
As a rigid-flexible coupling system, the rigid-body motion of the driving base accordingly influences the dynamic behaviors of the flexible links, and this influence will be enhanced by the elasticities of the connecting joints [6, 9] . Thus, to establish an accurate dynamic model for investigating the vibration characteristics of the flexible links, the coupling effect of the driving base and the elasticity properties of the connecting joints should be fully considered. In the existing literatures, the elasticity properties of the connecting joints are ignored and the coupling effect of the driving base is neglected by regarding the velocities and accelerations of the driving base to be constant without any fluctuations [10] [11] [12] [13] . Actually, due to the coupling effects of motor parameters and mechanism inertias, the velocities and accelerations of the driving base will exhibit certain fluctuations [3, [14] [15] [16] [17] . If we describe the motion fluctuations as harmonic disturbances, the system becomes a parametrically excited system [18] . By reviewing current studies, numerous researches about the parametrically excited systems can be seen; however, these researches mainly focus on the moving beams and plates. Feng and Hu [19] and Chen et al. [20] [21] [22] intensively studied the nonlinear vibrations and stabilities of axial moving beams with considering velocity disturbances. Zhang et al. [23, 24] investigated the principal parametric and internal resonances of flexible plates. Pratiher and Dwivedy [25] studied the vibrations of a lateral moving FRM which suffers harmonic excitations; however, it can be seen in their investigations that the excitations considered in their researches do not contain the actual motions of the driving base, such as the motion accelerations and the motion velocities, and that the connecting joints between the flexible links and the driving base are regarded as absolutely rigid with an ideal fixed restraint which ignores the joint elasticities.
Different with current literatures, this paper fully considers the joint elasticities and the harmonic disturbances; consequently, the FRM with elastic joints (FRMEJ) remains a multicoupling system which contains rigid-flexible couple and electromechanical couple. Due to these strong coupling effects, the FRMEJ will present complex dynamic behaviors which have not been reported in these fields. The main objective of this paper is to establish the coupling dynamic model and investigate the vibration characteristic of this multicoupling system. To establish the dynamic model of the FRMEJ, Hamilton's principle is introduced. Based on the dynamic model proposed, this paper introduces the concept of vibration power flow, which can reflect the vibration intensity and transport characteristic and already has been applied in some applications, such as beam and plate structures [26] [27] [28] [29] [30] , vibration isolation systems [31] [32] [33] , and railway [34, 35] , to study the vibration characteristic of the FRMEJ. Based on the response characteristics of the vibration power flow, the influences of the joint elasticities and disturbance excitations, as well as the coupling effect between joint elasticities and disturbance excitations, are investigated; specifically the actual motions of the driving base are simultaneously considered during these analyses. The remainder of this paper is organized as follows. Section 2 establishes the coupling dynamic model of the FRMEJ system. Then, vibration power flow characteristics are shown in Section 3. Section 4 conducts the numerical simulations and discusses the results. Finally, the paper is concluded with a brief summary. Figure 1 shows a motor driven single-link FRM. The flexible arm together with the effector on its tip, which is denoted as in the figure, is clamped on the slider of the ballscrew transmission system via connecting joints. The operating tasks can be executed by the effector under the driving of the motor. In order to investigate the elastic deformations and the residual vibrations of the flexible arm, which are easily aroused during the executions because of its lower damp and stiffness properties, the dynamic model should be firstly established. During dynamic modeling, it is assumed that the flexible arm satisfies the Bernoulli-Euler beam assumption and the motion of the FRM is in the horizontal -plane.
Coupling Dynamic Model of the FRMEJ

Motion Disturbances Equation.
As indicated above, the motion characteristic of the driving base accordingly influences the dynamic behaviors of the flexible arm through the connecting joints. Thus, to investigate the vibration characteristics of the flexible arm, the motion characteristic of the driving base is firstly studied in this section. Figure 2 shows the vibration accelerations of the driving motor under different subdivision multiples, which shows that the accelerations are not constant and exhibits certain disturbances. Through expanding the vibration signals into the form of Fourier series and using sinusoidal functions to describe the disturbances, the motion displacements of the driving base can be written as
here denotes the average motion acceleration of the driving base and and denote the amplitudes and frequencies of the disturbances, respectively. In this case, the FRMEJ remains a parametrically excited system and the vibration displacements can be written as here ( , ) denotes transverse vibration displacement of the flexible arm; according to the assumed modes method [10, 36] , it yields
where ( ) denotes the th generalized coordinate and ( ) denotes the th mode shape, which can be given as [36] ( ) = 1 cos
where is the th natural frequency of the flexible arm and 1 , 2 , 3 , and 4 are coefficients determined by boundary conditions. The kinetic energy of the FRMEJ is
here, the first part of the equation denotes kinetic energy of the driving base and the second part denotes kinetic energy of the flexible arm; is the mass of the slider; , , and are the length, mass density, and cross-sectional area of the flexible arm, respectively. The potential energy of the FRMEJ mainly considers the elastic potential energy of the flexible arm and can be written as
where is Young's modulus and is the cross-sectional moment of inertia about the neural axis and can be expressed as = ℎ 3 /12, where and ℎ are the width and thickness of the flexible arm, respectively.
To establish the dynamic model, substitute (4) and (5) into the Lagrangian function introduced as follows:
According to Hamilton's principle [37] , (7) satisfies Shock and Vibration here
) ,
Substituting (9) into (8) yields
From (10), it can be obtained that
By combining (3), (11) can be further written as
here (⋅) denotes the time derivative. Through multiplying (12) with and integrating the equation along length direction, result can be obtained that
According to the orthogonality of mode shapes [11, 38] , the vibration displacement equation of the FRMEJ can be obtained as̈+
where
According to the Duhamel integral [36] , the vibration responses of the FRMEJ can be expressed as
here 1 and 2 are coefficients determined by the initial conditions and can be expressed as [11, 38] 
where denotes the generalized mass of the th mode and can be defined as
By combining (1) and (16) , it can be obtained that
Elastic Restraint Model.
From (19) , it can be obtained that the vibration responses of the FRMEJ are related to the motion disturbances. According to (3) , to investigate the vibration responses of the FRMEJ, the mode shapes should also be determined. Considering the fact that the connecting joints between the flexible arm and the driving base, such as bolted joints and welding joints, actually exhibit certain elasticities, as a consequence, the restraints of the connecting joints are not ideally fixed which is difficult to achieve in fact. Thus, an accurate restraint model should be proposed to describe the real restraints of the joints. To describe the joint elasticities, we model the joints as tension spring and torsional spring, with restraint rigidities and , respectively. In this situation, an elastic restraint model is established as shown in Figure 3 . It can be seen that, under the harmonic disturbances, the FRMEJ remains a multicoupling system which conveys rigid-flexible couple and parametric excitations. Based on the proposed elastic restraint model and according to the balances of forces and moments [39] , it can be obtained that
here, and ( / ) denote the force and moment of the tension spring and torsional spring; ( 3 / 3 ) and ( 2 / 2 ) denote the shear force and moment generated in the flexible arm, respectively.
By assigning = 0 in (20), the boundary condition of the fixed end can be obtained as
Because the shear force and moment of the free end are zero, assigning = in (20) can obtain the boundary condition of free end:
According to (3) , (21) and (22) can be further written as
3 ( , )
Combining (4) and (23) yields
Similarly, combining (4) and (24) yields 1 sin − 2 cos + 3 sinh + 4 cosh = 0,
With the purpose of simplifying the following analysis, (25) and (26) are expressed as
From (27) , it can be obtained that
Combining (27) and (28) obtains
Through substituting (30) into (4), the mode shape of the FRMEJ can be obtained as 
Assigning → ∞ and → ∞ in (33) yields
Equation (35) describes the mode shape of the situation that the connecting joint has a fixed restraint [36] ; as the assumed condition → ∞, → ∞ is difficult to achieve in fact, we can realize that the fixed restraint is an ideal status which cannot reflect the real restraint and will cause an error, especially for the precision system. It can be seen that the proposed elastic model provides a description of the elastic restraint and is also suitable for other restraint cases.
Vibration Power Flow of the FRMEJ
Equations (19) and (33) can provide a description of the influences of the motion disturbances and joint elasticities on the mode and vibration responses. By combining (2), (19) , and (33), the vibration displacements of the FRMEJ can be subsequently obtained as
In order to investigate the characteristic of the vibration energy distribution of the FRMEJ and study the influence of the motion disturbances, the vibration power flow is introduced in this section and can be written as [29-31, 40, 41] 
Substituting (38)- (41) into (37) yields
Combining (19) obtains
With the substitution of (43) into (42), the vibration power flow of the FRMEJ can be obtained as
Equation (44) presents a description that the vibration power flow is related to the motion disturbances; moreover, the initial condition also has an influence on the vibration power flow, which will be further illustrated in Section 4. On the other hand, we can see that the vibration power flow is a continuum, which can clearly show the vibration energy distributions of the system and is meaningful for further vibration control, for example, the location optimizations of the sensors and actuators.
Results and Discussions
In this section, to investigate the vibration power flow characteristic of the FRMEJ, numerical simulations are conducted. During the analysis, the flexible arm is characterized as a flexible beam to describe its lower damp and stiffness feature, with properties as follows: = 575 mm, = 28 mm, ℎ = 1 mm, = 197 GPa, = 7850 kg/m 3 , and = 0. and 1 = 15 Hz is larger than that of 2 = 3 mm and 2 = 5 Hz; this reveals that the influence of disturbance frequencies ( ) on the vibration power flow is more pronounced than disturbance amplitudes ( ); and the motion disturbances affect the vibration characteristic, primarily through the disturbance frequencies ( ).
As indicated above, the restraints of the connecting joints are regarded as fixed in ideal status, and actually the joints exhibit certain elasticities. To further investigate the influence of the motion disturbances, Figure 7 shows the vibration power flow of the FRM with fixed restraint joints (FRJ) and elastic restraint joints (ERJ). It can be obtained that if the FRM does not suffer motion disturbances, denoted as = 0 mm and = 0 Hz, the amplitude of ERJ is smaller than that of FRJ, which reveals that the vibration power flow characteristic of the FRM with elastic restraint is different from that of fixed restraint and that the joint elasticities have suppressing effect on the vibration responses. However, when the FRM suffers motion disturbances, denoted as = 3 mm and = 5 Hz, the amplitude of ERJ is larger than that of FRJ. On the other hand, Figure 8 further shows the vibration power flow of the FRMEJ with different restraint rigidities under the motion disturbance, in which we obtain the fact that the amplitudes decrease and gradually approach to the status of FRJ with the restraint rigidities increasing.
Moreover, as the effector is clamped on the tip of the flexible arm (as denoted in Figure 1 ), from Figures 7 and 8, we can see that the vibration responses of the effector with ERJ are larger than that of FRJ, and this reveals that, under the motion disturbances, the vibration responses of the effector are also enlarged, which is contrary to the demands of operating accuracy and consequently decreases the service life of the system; this further shows that the motion disturbances affect the dynamic performance and enlarge the vibration responses, especially for the FRM with ERJ, which should be suppressed in actual engineering applications.
From the comprising description of the FRM as shown in Figure 1 , we can see that the flexible arm together with the effector is the main component of the operating system. Generally, the flexible arms of the FRMs are constructed using lightweight materials and structures which have lower Young's modulus. Figure 9 shows the vibration power flow of the FRMEJ with different Young's modulus, assigning = 65 Gpa, 113 Gpa, and 197 Gpa. During the analysis, the motion disturbance is assigned = 3mm and = 5Hz. From Figure 9 , it can be seen that the amplitudes increase with the increasing of Young's modulus and Young's modulus has a considerable influence on the vibration power flow, which is significant for the structure designs of FRMs.
As the FRMEJ generally has actual acceleration motions, Figure 10 the motion accelerations have no effect on the influence of the motion disturbances which is defined as = 3 mm and = 5 Hz during the analysis.
Moreover, (41) shows that the vibration power flow is also related to 1 which denotes the initial conditions. In order to present a further study about this, Figure 11 presents the vibration power flow of the FRMEJ with different initial conditions. We can see that the vibration power flow characteristics vary with the initial conditions; as the initial displacement increases, the response amplitudes of the effector increase. This indicates that we can control and optimize the start-up characteristics of the driving motor, for example, the power frequencies, to obtain the desired dynamic performance of the FRM and subsequently achieve the operating accuracy of the effector.
Conclusions
Considering the elastic properties of the connecting joints and the motion disturbances of the driving base, the flexible robotic manipulator (FRM) remains a multicoupling system conveying rigid-flexible couple and electromechanical couple. The coupling dynamic model is proposed and the vibration power flow characteristics of the FRM with elastic joints (FRMEJ) are investigated. Results indicate that, without motion disturbances, the joint elasticities present suppressing effect on the vibrations responses, which is meaningful for the structure design of the FRM, while the motion disturbances have considerable influences on the dynamic performance of the FRME. The response amplitudes of the vibration power flow increase with the disturbance amplitudes and disturbance frequencies, and moreover, the effect of the disturbance frequencies is more pronounced than the disturbance amplitudes. On the other hand, under the motion disturbances, the vibration power flow amplitudes of the FRMEJ with ERJ are larger than that of FRJ; with the restraint rigidities increasing, the amplitudes decrease and gradually approach to the status of FRJ, which shows that the motion disturbances enlarge the vibration responses of the flexible arm and the effector, especially for the FRM with ERJ, which should be suppressed in actual engineering applications. Moreover, Young's modulus and initial conditions also affect the vibration power flow characteristic of the FRMEJ. Actually, based on the results in this paper, we can achieve the expected dynamic performance of the FRMEJ through the optimizations of structure parameters design, such as Young's modulus and the restraint rigidities of the connecting joints, and the motion property, for example, the starting power frequencies. Also, based on the dynamic model proposed, the vibration control strategies can be conducted to suppress the motion disturbances of the driving base as well as the vibration responses of the flexible arm and the effector, which will be conducted in our further work. The modeling approach and results contribute to the investigations of dynamic and vibration control of multicoupling systems.
